Abstract. If X is a finite dimensional real normed space, C is a closed convex subset of X and f : C → C is nonexpansive with respect to the norm on X, then we show that either f has a fixed point in C or there is a linear functional ϕ ∈ X * such that lim k→∞ ϕ(f k (x)) = ∞ for all x ∈ C.
Introduction
Let X be a real normed space with norm || · ||. Let X * denote the dual space of X. Suppose that U is a subset of X. We say that a map f : U → X is nonexpansive if ||f (x) − f (y)|| ≤ ||x − y|| for all x, y ∈ U .
For a nonexpansive map f : U → U , if χ = lim k→∞ f k (x)/k exists for some x ∈ U , then lim k→∞ f k (y)/k = χ for all y ∈ U . The limit χ is called the cycle time vector. For examples where the cycle time vector does not exist, see the proof of Theorem 1.4 in [10] , section 4 in [15] , and also [6] . Even if the cycle time vector fails to exist, it is known (Lemma 1, [13] ) that there is a constant A = lim k→∞ ||f k (x)/k||, and A does not depend on x. We call this constant the linear rate of growth of f .
The following theorem is due to Kohlberg and Neyman (Theorem 1.1 in [10] ). [10] ). Let C be a convex subset of a normed space X and let f : C → C be nonexpansive. Then there exists a linear functional ϕ ∈ X * with ||ϕ|| = 1 such that for every x ∈ C,
Theorem 1.1 (Kohlberg and Neyman
If the linear rate of growth A = lim k→∞ ||f k (x)/k|| > 0, then there is a linear functional ϕ ∈ X * such that lim k→∞ ϕ(f k (x)) = ∞. Even more can be said if X is a reflexive Banach space. In that case, Rouhani and Kirk have shown (Theorem 1, [18] ) that if U ⊂ X and f : U → U is nonexpansive, then the weak topology accumulation points of the sequence f k (x)/k, k ≥ 1 are contained in a convex subset of the sphere centered at the origin with radius equal to the linear rate of growth of f . Related results can be found in [10] , as well as Proposition 1 in [13] and the paragraph before Proposition 4.4 in [16] .
If the linear rate of growth of f is zero, these theorems tell us relatively little about the asymptotic behavior of f . Of course, if f has a fixed point, then the linear rate of growth A = 0. Certain special classes of maps, such as piecewise affine maps (Theorem 2.1, [9] ), have a fixed point whenever A = 0. However, there are simple examples of nonexpansive maps with A = 0 which have no fixed points. For example, the map
x ≤ 1 is a nonexpansive map on R with no fixed points, even though the linear rate of growth of f is zero.
The main result of this paper is the following theorem. 
Note that Theorem 1.2 is closely related to Theorem 1.1, although Theorem 1.2 only applies to finite dimensional normed spaces. For infinite dimensional counterexamples to Theorem 1.2, see Theorems 2.1 and 2.2 in [5] . The advantage of Theorem 1.2 is that it tells us something about the asymptotic behavior of fixed point free nonexpansive maps, even when the linear rate of growth is zero.
The horofunction boundary
The main tool we will use in this paper is the horofunction boundary of X. The horofunction boundary has been used to study the asymptotic behavior of unbounded nonexpansive maps in several settings (see [1] , [7] , [11] , [12] ).
We will define the horofunction boundary for a finite dimensional real normed space X. Let C(X) denote the set of continuous real-valued maps on X endowed with the topology of uniform convergence on compacta. Define Φ to be the map Φ : x → g x , where g x (y) = ||y − x|| − ||x||. Note that Φ is a continuous embedding of X into C(X). Since X is not compact, the image Φ(X) will not be closed in C(X). The closure of Φ(X) is called the Busemann compactification of X, and we denote it by cl Φ(X). The boundary of X under this compactification is X(∞) = cl Φ(X)\Φ(X). The elements of X(∞) are called horofunctions. Note that any horofunction h ∈ X(∞) can be written
where x k k≥0 is a sequence of points in X such that the limit above converges uniformly to h on compact sets. For more details about this compactification, see [2] ; and for more information about the horofunction boundary of finite dimensional normed spaces, see [8] and [19] . In order to prove Theorem 1.2, we must first establish the following relationship between nonexpansive maps and the horofunctions on X. Theorem 2.1. Let C be a closed convex subset of a finite dimensional real normed space X. Let f : C → C be nonexpansive and suppose that f has no fixed point in
The proof of Theorem 2.1 depends on the following two lemmas. Note that Lemma 2.1 is a special case of Theorem 1 in [14] . Lemma 2.1. Suppose that C is a closed convex subset of X and f : C → C is nonexpansive. If f has no fixed point in C, then for every x ∈ C the sequence f k (x) k≥0 is not bounded.
Proof. Suppose that there is a constant M > 0 such that ||f k (x)|| < M for all k ≥ 0. Let ω denote the set of accumulation points of the sequence f k (x) k≥0 . Note that ω is nonempty, closed and bounded. Dafermos and Slemrod have shown (Theorem 1, [4] ) that f is an invertible isometry on ω and f maps ω onto itself. For each y ∈ ω and R > 0, let B R (y) = {z ∈ C : ||y − z|| ≤ R}. Choose R > 2M and let U = y∈ω B R (y). Then U is a nonempty, compact, convex subset of X. Since f is nonexpansive and f (ω) = ω, it follows that f (U ) ⊂ U . Therefore, the Brouwer fixed point theorem implies that f has a fixed point in U , which is a contradiction.
Remark 2.1. Ca lka has shown (Theorem 5.6, [3] ) that if f is a nonexpansive map on a finitely totally bounded metric space and f k (x) k≥0 contains a bounded subsequence, then f k (x) k≥0 is bounded. In particular, this result applies to finite dimensional normed spaces and therefore the conclusion of Lemma 2.1 can be strengthened to state that lim k→∞ ||f k (x)|| = ∞. 
Then, ϕ(z) − ϕ(ry) > R − (1 − λ)r, so ϕ(ry) < ϕ(z) − R + (1 − λ)r. Since ϕ(z) ≤ ||z|| ≤ R it follows that ϕ(ry) < (1 − λ)r and hence ϕ(y) < (1 − λ). By scaling, (R − r)ϕ(y) = ϕ(Ry − ry) < (1 − λ)(R − r). So
Since ||z − Ry|| ≥ ϕ(z − Ry) > λR, we have a contradiction.
Proof of Theorem 2.1. Fix an x 0 ∈ C and let x k = f k (x 0 ) for k ≥ 1. By Lemma 2.1 the sequence x k k≥0 is not bounded. Therefore, we may choose an increasing sequence of integers k i i≥1 such that lim i→∞ ||x k i || = ∞ and, for each i ≥ 1,
Furthermore, since the unit sphere in X is compact, we may also choose k i so that there is aȳ ∈ X, ||ȳ|| = 1, such that
Given such a sequence k i , we claim that
whenever i and m are fixed, m ≥ 0 and j is sufficiently large. Assume this claim for now.
Since X is locally compact, the Arzelà-Ascoli theorem implies that by taking a refinement of k i we may assume the horofunction h defined below exists for all
By the nonexpansiveness of f , we observe that
This implies that lim
by the nonexpansiveness of f . In particular,
It remains to prove eq. (2.4). For each
With this notation, we can rewrite eq. (2.3) as (2.5)
Fix some i ≥ 1 and m ≥ 0. Note that
by the nonexpansiveness of f and the triangle inequality. Thus
Since m||f (x) − x|| is a constant and lim j→∞ ||x k j || = ∞, equation (2.6) implies that for j large enough,
Therefore,
by eqns. (2.5) and (2.7). Thus, for i ≥ 1 and j large enough,
which proves eq. (2.4).
Proof of the main theorem
Given a function g : X → R, we define the epigraph of g to be
We say that g is convex if epi g is a convex subset of X × R. Note that any horofunction h ∈ X(∞) is convex. After all, suppose that (y 1 , t 1 ), (y 2 , t 2 ) ∈ epi h. Then, t 1 ≥ h(y 1 ) and t 2 ≥ h(y 2 ). Suppose that 0 < λ < 1. By eq. (2.1),
for some sequence x k k≥0 in X. Note that
and therefore,
From this it follows that λt 1 + (1 − λ)t 2 ≥ h(λy 1 + (1 − λ)y 2 ) and therefore
The following lemma is an immediate consequence of Corollary 12.1.2 in [17] , although we give a proof here for the sake of completeness.
Lemma 3.1. For any horofunction
Proof. Since h is a continuous convex function, epi h is a closed convex set. Fix an x 0 ∈ X and t 0 ∈ R such that t 0 < h(x 0 ) and therefore (x 0 , t 0 ) / ∈ epi h. Since epi h is convex, the Hahn-Banach theorem implies that there is a linear functional Ψ on X × R and a constant c ∈ R such that Ψ ((x, t) ) ≥ c for all (x, t) ∈ epi h and Ψ((x 0 , t 0 )) < c. Note that the linear functional Ψ can be written Ψ((x, t)) = ψ(x) + at, where ψ ∈ X * and a ∈ R. In particular, ψ(x) + ah(x) ≥ c for all x ∈ X. Since ψ(x 0 ) + ah(x 0 ) ≥ c while ψ(x 0 ) + at 0 < c, it follows that a(h(x 0 ) − t 0 ) > 0. Thus, a > 0. By rearranging terms, we can see that h(x) ≥ a −1 c − a −1 ψ(x). To complete the proof, we let ϕ = a −1 ψ and b = a −1 c.
Remark 3.1. The conclusion of Lemma 3.1 holds for any continuous convex function. Readers familiar with convex functions may note that we could have proven Lemma 3.1 by using the fact that every continuous convex function is subdifferentiable (Theorem 23.4, [17] ).
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. By Theorem 2.1, there is a horofunction h ∈ X(∞) such that lim k→∞ h(f k (x)) = −∞, for all x ∈ C.
Lemma 3.1 implies that there is some ϕ ∈ X * and b ∈ R such that h(x) ≥ −ϕ(x)+b for all x ∈ X. Thus, ϕ(x) ≥ −h(x) + b for all x ∈ X. It immediately follows that lim k→∞ ϕ(f k (x)) = ∞ for all x ∈ C.
